Introduction
A Steiner triple system (more simply triple system) of order n is a pair (S, T ) where T is a collection of edge disjoint triangles (triples) which partitions the edge set of K n (= the complete undirected graph on n vertices) with vertex set S. It is well-known [7] that the spectrum (= the set of all n for which a triple system of order n exists) for triple system is precisely the set of all n ≡ 1 or 3 (mod 6) and that if (S, T ) is a triple system of order n, |T | = n(n − 1)/6.
The accompanying graph is called a bowtie and, not too surprisingly, a bowtie system of order n is an edge disjoint partition of the edge set of K n into bowties. If we "cut" the bowties in half we have a Steiner triple system of order n with an even number of triples. It follows that a necessary condition for the existence of bowtie system is n ≡ 1 or 9 (mod 12). An almost bowtie system is a partition of K n into bowties and exactly one triple; so that if we "cut" the bowties in half we have a Steiner triple system of order n with an odd number of triples. Therefore a necessary condition for the existence of an almost bowtie system is n ≡ 3 or 7 (mod 12).
In [6] A. Rosa and P. Horák showed that these obvious necessary conditions for bowtie and almost bowtie systems were sufficient. In fact they proved that the triples of any triple system of order n ≡ 1 or 9 (mod 12) can be paired into bowties and the triples of any triple system of order n ≡ 3 or 7 (mod 12) can be paired into bowties with exactly one triple left over.
Let (S, T ) be a triple system and X ⊆ S. The subset X is said to be independent provided it contains no triples of T . In other words, if {x, y} ⊆ X and {x, y, a} ∈ T , then a ∈ S\X. In [8] H. Lenz and H. Zeitler proved that the largest independent set in a Steiner triple systems of order n is:
(n − 1)/2, if n ≡ 1 or 9 (mod 12), and (n + 1)/2, if n ≡ 3 or 7 (mod 12).
Clearly the sizes of independent sets in triple systems is a nondecreasing function.
Finally, a P 3 -design of order w is a pair (W, P ), where P is a collection of edge disjoint paths of length 2 which partitions the edge set of K n with vertex set W . It is a well-known folk theorem that the spectrum for P 3 -designs is precisely the set of all w ≡ 0 or 1 (mod 4).
We will denote the path of length 2 consisting of the 2 edges {a, b} and {b, c} by a, b, c or c, b, a . The path a, b, c is said to be embedded in a bowtie provided the edge {a, b} and {b, c} belong to different triples in the bowtie.
The purpose of this note is to determine for each admissible w, the set of all n such that every P 3 -design of order w can be embedded in a (almost) bowtie system of order n.
Finally, the interested reader is referred to [2, 3, 4, 9] for related work on embedding path-designs into graph designs other than Steiner triple systems.
The modified bowtie algorithm.
In [1] P. Boling gave an algorithm for pairing the triples of any Steiner triple system into a bowtie or almost bowtie system depending on whether or not the number of triples is even or odd. We will give a modified version of this algorithm in what follows.
Let (S, T ) be a triple system of order n and W an independent subset of order w ≡ 0 or 1 (mod 4) and let (W, P ) be a P 3 -design. Let ∞ ∈ S\W and denote by F (∞) the set of all triples in T each of which contains at least one edge of the form {∞, a} where a ∈ S\W . Note that F (∞) does not contain any triple of the form {∞, c, d} where {c, d} ⊆ W . As a consequence, if a, b, c is a path of length 2 in P , the triples containing the edges {a, b} and {b, c} in T form a bowtie. Now begin pairing the triples in T \F (∞) into bowties beginning with the bowties formed by embedding the paths of length 2 in P into bowties. Continue until it is not possible to form any more bowties. At this point all paths of length 2 have been embedded and the remaining triples form a partial parallel class π. The triples in π have at most one vertex in W (since all of the edges in W have been embedded in the bowties formed so far).
For each triple p ∈ π denote by F (p) the triples in F (∞) intersecting p; and for each triple t ∈ F (∞) denote by π(t) the triples in π intersecting t. Then |F (p)| ≥ 2 and |π(t)| ≤ 2. We show that the sets F (p), p ∈ π, have a system of distinct representatives (SDR); i.e., we can choose a triple from each of the sets F (P ) such that no two are equal. This is quite easy to see. Let {p 1 , p 2 , . . . , p k } ⊆ π be any k triples in π and let
, where π * (t i ) is the set of all triples in {p 1 , p 2 , . . . , p k } intersecting t i . So by P. Hall's famous theorem [5] , the sets F (p), all p ∈ π, have a SDR. Pairing the triples in this SDR with the triples in π uses up all triples in T except the remaining triples in F (∞). Denote by F * (∞) the remaining triples in F (∞). Since the bowties consist of an even number of triples, |T | and |F * (∞)| must have the same parity. In the case where |T | is even we can pair up the triples F * (∞). If |T | is odd we can pair up the triples F * (∞) into bowties with one triple left over. In either case the resulting bowtie (almost) bowtie system contains the P 3 -design (W, P ). We have the following theorem.
Theorem 2.1 A P 3 -design of order w can be embedded in a (almost) bowtie system of every order (n ≡ 3 or 7 (mod 12)) n ≡ 1 or 9 (mod 12) such that there exists a Steiner triple system of order n containing an independent set of size ≥ w.
Embedding P -designs.
To begin with, if the P 3 -design (W, P ) is embedded in the (almost) bowtie system (S, B), then W is an independent set in the triple system (S, T ) obtained by "cutting" the bowties in half. It follows that the smallest (almost) bowtie system containing a P 3 -design of order w is the smallest triple system containing an independent set of size ≥ w. In view of the Lenz-Zeitler Theorem [8] , the following table gives a complete solution of the smallest embedding of a P 3 -design into a (almost) bowtie system. w bowtie system almost bowtie system 12k 24k + 1 24k + 3 12k + 1 24k + 9 24k + 3 12k + 4 24k + 9 24k + 7 12k + 5 24k + 13 24k + 15 12k + 8 24k + 21 24k + 15 12k + 9 24k + 21 24k + 19
In view of the fact the sizes of independent sets in triple systems is a nondecreasing function, we have the following theorem. 
